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SECTION-1 (Maximum Marks : 18)
* This section contains SIX (06) questions.
* The answer to each question is a SINGLE DIGIT INTEGER ranging from 0 to 9, BOTH INCLUSIVE.
* For each question, enter the correct integer corresponding to the answer using the mouse and the on-
screen virtual numeric keypad in the place designated to enter the answer.
* Answer to each question will be evaluated according to the following marking scheme :
Full Marks : +3 If ONLY the correct integer is entered.
Zero Marks : 0 If the question is unanswered.

Negative marks : —1 In all other cases.

1. For a complex number z, let Re(z) denote the real part of z. Let S be the set of all complex numbers z
satisfying z* — |z =4 i 22, where ; = \/—] . Then the minimum possible value of |z, — z,[2, where
z,,z, € Swith Re(z) > 0 and Re(z,) <0,is ______
Ans. 8
Sol. z'—|z[t=4i 7
2 727 =4i7 220
-7 =4
(z+7)(z-7) = 4i (1)
z=X+1y
then by (1)
4ixy =41
xy =1

It is a hyberbola, z and z, are two points on this hyberbola
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(1, 1)
(_19 _1)
z, —z,| = T.A. of hyberbola = 242
|Z1 - Z2|2min: 8
2. The probability that a missile hits a target successfully is 0.75. In order to destroy the target completely,

at least three successful hits are required. Then the minimum number of missiles that have to be fired so

that the probability of completely destroying the target is NOT less than 0.95, is
Ans. 6

Sol. By probability distribution

X =no of hits
3 X
p= 7 (probability of success)

p(X=>3)>0.95

1-(p(X=0)+p(X=1)+p(X=2))>.95

523 (1) GG G
— 2"c | ==+l =||=| tl=1|]|—=
100 4)\4 4)\4 4)\4

i2L+3_n+M 2
100 4" 4" 2 4"

£> 2+6n+9n* —9n
20 1
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2n-1
2__>9n’-3n+2

> 5(9n" —3n+2)
n=3 32 >5x74
n=4  128>5x132
n=5 512 >5x212
n=6  2048>5x308

hence minimum hit required are ‘6°.

5
3. Let O be the centre of the circle x> + y? =r1?, where r > - Suppose PQ is a chord of this circle and the

equation of the line passing through P and Q is 2x + 4y = 5. If the centre of the circumcircle of the
triangle OPQ lies on the line x + 2y =4, then the value of r is
Ans. 2

Sol.

2x+4y =35

MC = distance between two lines

3
MC=—=
2.5
4
OC=r2=$

h2+OM2=r (1)
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MATRIX

+CM*=r?>  -(2)
25
h? + >0 =r? -(1)
h? + 2 = 16 -(2)
20 5
by (1) - (2)
rr=4
r=2
4. The trace of a square matrix is defined to be the sum of its diagonal entries. If Ais a 2 x 2 matrix such that

the trace of A is 3 and the trace of A’ is —18, then the value of the determinant of A is

Ans. 5
fa b
Sol. A= a+d=3
c d
d=3-a
[a b}
A=
lc 3-a
|A|=a(3—a)—bc
|A|:3a—a2—bc

AZ—_a b a b | [a’+be 3b

¢ 3-a| |c 3-a| | 3¢ (3-a)+bc
[a? +bc 3b [a b
3c  (3-a)’+bc

A=

¢ 3-a
tr (A®)=a’+abc + 3bc +3bc+ (3 —a) [(3 —a)> +bc] =-18
tr (A’) = a’ + abc + 6bc + (3 —a)* + 3bc —abc =-18

tr (A’)=2a’>+9bc+ (3 -a)y=-18
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tr (A’)=a*+9bc+27—-a*-9a(3—-a)=-18

9bc +27 —27a+9a?=-18
bc+3-3a+a’=-2
5=3a—-a*—bc
hence

|A|=3a—a’—bc

[A]=5

5. Let the functions f: (-1, 1) > Rand g: (-1, 1) = (-1, 1) be defined by
f(x) =2x — 1|+ 2x + 1| and g(x) = x — [Xx],
where [x] denotes the greatest integer less than or equal to x. Let fo g : (-1, 1) > R be the composite
function defined by (fo g) (x) = f(g(x)). Suppose ¢ is the number of points in the interval (1, 1) at which
fo gis NOT continuous, and suppose d is the number of points in the interval (-1, 1) at which fo g is

NOT differentiable. Then the value of ¢ + d is

Ans. 4
Sol.  f(x)=[2x —1|+[2x + 1] g(x) =x—[x]
g(x) = [x] + {x} —[x]
g(x) = {x}
4x DX 2 1
2
fx)= 2 : _71 <X < %
—4x X < _—1
L 2
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_ | .
4{x} X} > )

f(g(x)): 2 :_71<{x}<%
_—4{x} Hxp < _71

4{x} S{x} 2> )
f(g(x))=
1
I 2 0< {X} < E
_4{x} X e[%,lju[;ﬂj
f(g(x))=

4x

f(g(x)) = 4(x+1)

Office :
Website
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(1,4)

| — e
—

Not continuous at x =0

Not differetiable at x = +—,0

1
2
c=1

d=3

c+td=1+3=4

6. The value of the limit

. 4\/§(sin3x+sin x)
lim

x> (2 sin 2x sin 32X +cos ij - (\/5 ++/2 cos 2x + cos 32Xj

2

Ans. 8
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Lim 4\/§(sin3x+sin X)
Sol. .=

2 (25in2xsin32X+cos52Xj—(\/§+x/§cos2x+cos32X)

Lim 4\/5(2 sin2x cos X )

e {cosx—cos%(+cossx}—[\/§(2cos2 x)+cos3x}
2 2 2 2

Lim 4\/5(2sin 2X COSX )

2 cosi—cos?)—x+coss—x—cos7—x—2x/§cos2 X
2 2 2 2

Lim 16\/5 sin x cos” X

T
X
2

2sinxsin§+2sin3xsin§—2\/§cos2 X

Lim 16+/2 sin x cos® x
T[
Xx—=

2 2sin§(sin3x +sin x)—2«/§ cos’ x

. 2
Lim 1642 sin X cos” X
T
X—>—

2 2sin§(25in 2X oS x)—2\/50052 X

Lim 16\/5 sin x cos® X

7[
Xx—>=
2

DX .
8s1n5s1nxcos2 X — 22 cos? x

Lim 1632

w1~ 8
28X¢§_2J5
SECTION-2 (Maximum Marks : 24)
* This section contains SIX (06) questions.
* Each question has FOUR options. ONE OR MORE THAN ONE of these four option(s) is (are) cor-
rect answer(s).
* For each question, choose the option(s) corresponding to (all) the correct answer(s).
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Sol.

Answer to each question will be evaluated according to the following marking scheme.

Full Marks : +4 If only (all) the correct option(s) is (are) chosen.

Partial Marks : +3 If all the four options are correct but ONLY three options are chosen.

Partial Marks : +2 If three or more options are correct but ONLY two options are chosen and both of
which are correct.

Partial Marks : +1 If two or more options are correct but ONLY one option is chosen and it is a correct
option.

Zero Marks : 0 If none of the options is chosen (i.e. the question is unanswered).

Negative Marks : -2 In all other cases.

is:

Let b be a nonzero real number. Suppose /: R — R is a differentiable function such that f{0) = 1.

If the derivative 1" of f satisfies the equation
ALY

b? +x?

fx)=

for all x € R, then which of the following statements is/are TRUE ?
(A) If b> 0, then f'is an increasing function

(B) If b <0, then f'is an decreasing function

(O) fix) fix) =1 forallx e R

(D) fix)—f(—x)=0forall x e R

fis non zero

f'(x) 1
o & = [ &

tan™'

h(fx) =

0=0+c {~ f(0)=1}

| -
f(X) — egtan 1%

X
=+c
b

o=
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Sol.

1X

f(_X) — e_?ltmf b
(A) f(x) is positive function for all x € R
f(x)
f'(x)=
(x) x* +b’

f'(x) is also positive function
so f(x) is increasing function

1

1 X 1 X
(@) fx)— fx)= 5™ s _en ™ L

forallx e R
(c) fx) f(x)=1
e’=1

1=1

Let a and b be positive real numbers such that a > 1 and b < a. Let P be a point in the first quadrant that

2 2

lies on the hyperbola X—2 —% =1. Suppose the tangent to the hyperbola at P passes through the point
a

(1, 0), and suppose the normal to the hyperbola at P cuts off equal intercepts on the coordinate axes. Let
A denote the area of the triangle formed by the tangent at P, the normal at P and the x-axis. If € denotes

the eccentricity of the hyperbola, then which of the following statements is/are TRUE?

(A) 1<e<~2 B) V2<e<2 C©) A=a’ (D) A=b*

)
«

equation of tangent = T = 0

xsec ytan6 _
a b
passing through (1, 0)

1
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a=secO

bsecO
m= =1
atan0

b = tan0
p(a%, b?) or p(sec®0, tan’0)
b =aXe? - 1)
tan’0 = sec?0 (e’ — 1)
e’— 1 =sin’0
0< sin*0<1
1<1+sin6<2
1<e< |

l<e< .

Area of APAB = %(AP )(PB)
= %(AP)Z {~~PA=PB}

1 2 2 2 2
=E{(sec 0—1)° +(tan> 0 —0)° |

= tan*0 = b*

Let /: R > R and g: R — R be functions satisfying

fxty)= R+ f3)+ £ f(y) and fix) = xg(x)

forallx,y € R. If 1;33 g(X) =1, then which of the following statements is/are TRUE ?
(A) fis differentiable at every x € R

(B) If g(0) = 1, then g is differentiable at every x € R
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(C) The derivative f'(1) is equal to 1

(D) The derivative f'(0) is equal to 1

Sol F'(x) = lim f(x+ hﬁ ~f(x)

h—0

lim f(x+h)—f(x+0)

h—0 h

o FOO+ £()+ £60) () — %) — £(0) ~ ) 0)
h—0 h
£(h) — £(0) + f(x) (£ (h) - (0))
h

r(x) = lim

h—0

f(x) = lim (Mj (f(x)+1)

£(x) = ﬁn](hg(h)]fo)g(O)J(f<x>+1)

h—0

) =1m g (h). (fx) +1)

h—0

£(x) = f(x) + 1

J‘&dx = jldx
f(x)+1
In(f(x)+1)=x+c {.. f(0)=0}
c=0
f(x)=e*—1
fis differentiable at everyx € R
f(x) e"-1
g0 =——=——
X X
Checkatx= 0

i 20+ 1)—g(0)
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2
1+h+h—|+ ............... —1-h
lim 2!
h-0 h
o
g (0)= 5

If g (0) = 1 then g is differentiable at every x € R
f'(H=f(1)+1=e-1+1=¢
f'(0)=1f0)+1=1

10. Leta,P, vy, d bereal numbers such that o?+p3? +y*> # 0 and o + y = 1. Suppose the point (3,2, —1) is
the mirror image of the point (1,0, —1) with respect to the plane ax + By +yz = . Then which of the

following statements is/are TRUE?

(A) a+p=2 B) 6—-y=3 (C)o+p=4 (D) a+p+y =29
A
(3727_1)
‘
A'(1,0,-1)
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Ans

11.

Sol.

Normal vector

a=1=pf oaoa=p andy=0

ox +By+yz=358

m(2, 1,-1)

2B+B+0=05

0=3

A, B, C.

Let a and b be positive real numbers. Suppose PQ = ai + bj and pg = ai — bj are adjacent sides of a
parallelogram PQRS. Let u and y be the projection vectors of w = i+j along PQ and pg,
respectively. If |G |+|v |=|w|and if the area of the parallelogram PQRS is 8, then which of the following
statements is/are TRUE?

(A)at+b=4

(B)a-b=2

(C) The length of the diagonal PR of the parallelogram PQRS is 4

(D) w is an angle bisector of the vectors PQ and PS

S R

ai - bjA

(TR 4

ai + bj
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=[W'TPQ]f>Sz[ a—b j aj—bj
Pal ) Voo \ e

w.PS ). a—-b a}'—bj
=| — PS:

| PS| Ja2 +b2 )\ Va2 + b2
MEIMEIE

a+b N la—Db]| _
Ja®+b2  +a?+b?
Case-1 a>b

2a=2+a’+b’
222 =a’+ b’
a2 =h?
a=b
Case-1I a<b

2a=+2y/a>+b’

a=b

(=

<

A~

i

—.>

-b
b

o o &
Il
(02e]

Area of the parallelogram = a
a

‘ﬁ.2ab‘ g

ab=4
anda=b
a=b=2
(A)atb=4

(C) PR =PQ+QR =2ai
‘ﬁ‘=4
(D) PQ +PS=2ai+10

PQ-PS=2bj#Ad
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12.  For nonnegative integers s and r, let

s!

S ifr<s,
( j: rl(s—1)!
r

0 ifr>s.

For positive integers m and n, let

m+n

f(m,n,p)

g(m,n) = Z (n+pj

p

where for any nonnegative integers p,

P im)n+i)p+n
PO 4

Then which of the following statements is / are TRUE ?

(A) g (m, n) = g (n, m) for all positive integers m, n
(B)g(m,n+1)=g(m+ 1, n) for all positive integers m, n
(C) g(2m, 2n) =2g (m, n) for all positive integers m, n

(D) g (2m, 2n) = (g (m, n))* for all positive integers m, n

(n+i)! 3 (p+n)! j

n+i—p)lp! (n+i)!(p—i)!

ii, "G ((n +i —Ir)l)!!(p —i)J((E;(l;!)J

p
n+p m~n
c,y "¢ e,
i=0

p
Sol.  f(m,n,p)= Zo(m & (

f(m,n,p) ="" C,("C,"C, +" C'C,, +....+" C,"C,)
_n+p Cp .m+n Cp

men TP MO
g(m’n): Z p p :2m+n

n+p
p=0 Cp
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*

13.

Sol.

14.

Sol.

SECTION-3 (Maximum Marks : 24)
This section contains SIX (06) questions. The answer to each question is a NUMERICAL VALUE.
For each question, enter the correct numerical value of the answer using the mouse and the on-screen
virtual numeric keypad in the place designated to enter the answer. If the numerical value has more than
two decimal places truncate/round-off the value to TWO decimal placed.
Answer to each question will be evaluated according to the following marking scheme :
Full Marks : +4 If ONLY the correct numerical value is entered.
Zero Marks : 0 In all other cases.
An engineer is required to visit a factory for exactly four days during the first 15 days of every month and
it is mandatory that no two visits take place on consecutive days. Then the number of all possible ways
in which such visits to the factory can be made by the engineer during 1-15 June 2021is
Out of 15 days, we have to choose four days such that no two are consecutive.
Let us reduce 4 days out of 15, so Remaining days =15 -4 =11.
Let the remaining days are d , d........ d

12 29
dddd,dd . dd d
Among the 12 gaps in these 11 days, we have to pick any 4, so

_12x11x10x9

No. of ways ¢
! 4x3%2

495

In a hotel, four rooms are available. Six persons are to be accommodated in these four rooms in such a
way that each of these rooms contains at least one person and at most two persons. Then the number of
all possible ways in which this can be done is

The only ways in distributing 6 - persons in 4 rooms, such that each room contains at least 1 and at most
2 personis (1, 1, 2, 2).

6!
1n2n.21212h
=45
No. of ways of arranging these 4 groups in 4 rooms = 4! =24

No. of ways of grouping =
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15.

Sol.

So total no. of ways =45 x 24 = 1080

Two fair dice, each with faces numbered 1,2,3,4,5 and 6, are rolled together and the sum of the numbers

on the faces is observed. This process is repeated till the sum is either a prime number or a perfect

square. Suppose the sum turns out to be a perfect square before it turns out to be a prime number. If p is

the probability that this perfect square is an odd number, then the value of 14p is

E, : Sum on pair of dice is Prime

E, : Sum on pair of dice is perfect square

E,: Sum =2 (1, 1)}
=3 {(1,2), (2, D}
=5 {(1,4),(2,3),3,2), (4, 1)}
=7 {(1,6), (2,5), (3,4),(4,3), (5, 2), (6, 1)}
=11 {(5, 6), (6, 5)}

nE)=1+2+4+6+2=15

15
P(El) = %

E,: sum=4 {(1,3),(2,2), 3, 1)}
=9 13, 6),(4,5), (5,4), (6, 3);

n(E)=3+4=7,

P(E) = —
(E) =36
22
P(E,UE, =36
14
P@guEJ=§g

The desired conditional Probability

pe P{ The perfect square is odd

The Sum is a perfect square before prime

|
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16.

_ P(odd Perfect Square before prime) ~ P

1

P(Perfect square before prime) P

2

Since odd perfect square is 9

4 14 4 (14) 14 4
= —+—X—+ —+
36 36 36 \ 36 36 36
4
__ 36 _
- 14 22 (D)
36
7 14 7 (14) 14 7
L, =—+t—X—+ —x—+
36 36 36 \36/) 36 36
7
_ 36
- 14 22 - (2)
36
P 4
=>p=—=—.
P, 7

:>14p:§><14=8-

Let the function /: [0, 1] > R be defined by

4X
4°+2°

Ax) =

Then the value of

1S.
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X

4
Sol. f(X)=——; Replace x-—>1-x

4*+2
1-x X
F1—x) = f _ 4/4 _ 2
47 +2 4/4°+2 4%+2
4* 2
fX)+1f(1-x)= + =1 Vx.
U= = v *

o (o3 () (3
A A B

=19
17. Leff: R— R be a differentiable function such that its derivative f is continuous and f{ ) =— 6.

IfF: [0, ©]—> R is defined by F (x) = [ Atydt, and if

T

_[ (f x)+F(x)) cosxdx =2,
0
then the value fo f(0)is
Sol.  F(x)= ](‘f(t) dt
0
differentiating wrt x
F(x) =1{x) ...... (1)

J: (f'(x) cosx+F(x)cosx ) dx =2
= J.f'(x) cosxdx+J.F(x) cosxdx =2
0 0

Using intgeration by parts
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[f(x)cosx],™ + ]Esin xf(x)dx +[F(x).sinx]," —]Esian'(x) dx =2
Using (1)
[f(x)cosx]," + ]Esin xf(x)dx +[F(x).sinx] —]Esin xf(x)dx =2

= —f(n)—1f(0)+ F().0-F(0).0=2
=—f(m)—-f{0)=2
=6-1(0)=2

= f(0)=4 Ans.

18.  Let the function f: (0, ®) — R be defined by
f(0)=(sin O +cos 6)*+(sin O —cos 0)~
Suppose the function f'has a local minimum at 0 precisely when 6 € (A, .. .Kpn} where 0 <2,
<...A <1.Then the value of A +...+ X is
Sol.  f(0)=sin’>0+cos*0+2sinBcosO +((Sin 0 —cos0)’ )2
=1+sin20+ (1-sin 20)

=1+sin20+1—2sin20+sin’ 26
=sin*20—sin20+2

2
= £(0) =(sin29—lj L
2) 4

= f'(6)=4cos 26(sin 20— %)

£(0) = 0

For local minimum
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T Sn 1 5
0=—"or 2= go A &N, =
2 % SoMT YT
A+, 5 0 1 os
2 12 2
27 Method:

£(0) =sin® 0+ cos” 0+ 2sin O cos O +((Sin6—cos 0)° )2
=1+sin20+(1-sin 20)
=1+sin20+1-2sin20+sin’ 20

=sin” 20 —sin20+2

. 1Y 7
= f(0)=|sin20——| +—.
2 4

For local minimum

sin29—l=0
2

:sinZG:l
2

0e(0,m) = 20€ (0,2n)

—20="or on
6 6

b 5w 1 5
=>0=—or — A=—&h, =—.
2 Xy SoMT M

I+5 6 1
7\‘1“1‘}\42:?:6:5:0.5_
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